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Exploration of the resonances Zc(3900) and Z(4430) are performed by assuming that they are
ground-state and first radial excitation of the same tetraquark with JP = 1+. The mass and current
coupling of the Zc(3900) and Z(4430) states are calculated using QCD two-point sum rule method by
taking into account vacuum condensates up to eight dimensions. We investigate the vertices ZcMhMl
and ZMhMl, with Mh and Ml being the heavy and light mesons, and evaluate the strong couplings
gZcMhMl and gZMhMl using QCD sum rule on the light cone. The extracted couplings allow us to find
the partial width of the decays Zc(3900) → J/ψpi; ψ
′pi; ηcρ and Z(4430) → ψ
′pi; J/ψpi; η′cρ; ηcρ,
which may help in comprehensive investigation of these resonances. We compare width of the decays
of Zc(3900) and Z(4430) resonances with available experimental data as well as existing theoretical
predictions.
I. INTRODUCTION
The discoveries of the charged Z(4430) and Zc(3900)
resonances had important consequences for the physics
of multi-quark hadrons, because they could not be in-
terpreted as neutral c¯c charmonia and became real can-
didates to tetraquark states. The Z±(4430) states were
observed by the Belle Collaboration in B meson decays
B → Kψ′π± as resonances in the ψ′π± invariant mass
distribution [1]. The resonances Z+(4430) and Z−(4430)
were detected and studied later again by Belle in the pro-
cesses B → Kψ′π+ [2] and B0 → K+ψ′π− [3], respec-
tively. An evidence for Z(4430) resonance decaying to
J/ψπ was found by the same collaboration in the process
B¯0 → J/ψK−π+ [4]. The available experimental infor-
mation allowed the Belle Collaboration, apart from the
masses and decay widths of these resonances, to fix also
their spin-parity JP = 1+ as a most favorable assump-
tion among the 0−, 1± and 2± options. The parameters
of Z−(4430) were measured in the B0 → K+ψ′π− decay
by the LHCb Collaboration with the results
M = (4475± 7+15−25)MeV, Γ = (172± 13+37−34)MeV, (1)
where its spin-parity was unambiguously determined to
be 1+ [5, 6].
Other members of the charged tetraquarks family,
namely Z±c (3900) were discovered by the BESIII Collab-
oration in the process e+e− → J/ψπ+π−, as resonances
in the J/ψπ± invariant mass distributions with the pa-
rameters
M = (3899.0± 3.6± 4.9)MeV, Γ = (46± 10± 20)MeV,
(2)
and spin-parity JP = 1+ [7]. These structures were ob-
served also by the Belle and CLEO collaborations, as
well (see, Refs. [8, 9]). Recently, BESIII announced the
observation of the neutral Z0c (3900) state in the process
e+e− → π0Z0c → π0π0J/ψ [10].
Theoretical investigations of the Z(4430) and Zc(3900)
resonances embrace a variety of models and computa-
tional schemes [11, 12]. The aim is to reveal their internal
quark-gluon structure and determine their parameters,
such as the masses, current couplings (pole residues) and
width of decay modes. Thus, Z(4430) was interpreted as
the diquark-antidiquark [13–19], molecular state [20–24],
the threshold effect [25] and hadro-charmonium compos-
ite [26].
The situation formed around the theoretical interpre-
tation of the Zc(3900) resonance does not differ consid-
erably from activities intending to explain features of
Z(4430). Indeed, there are attempts to treat it as the
tightly bound diquark-antidiquark state [27–30], as the
four-quark bound state composed of conventional mesons
[31–39], or as the threshold cusp [40, 41].
The interesting idea was suggested in Ref. [18] to con-
sider the Zc(3900) and Z(4430) resonances as the ground
and first radially excited states of the same diquark-
antidiquark multiplet. This assumption was motivated
by the main decay channels of these resonances,
Z±c (3900)→ J/ψπ±, Z±(4430)→ ψ′π±, (3)
and also by observation that the mass difference between
the 1S and 2S states mψ′ −mJ/ψ is approximately equal
to the mass splitting mZ −mZc . This idea was realized
within the diquark-antidiquark model, and in the context
of QCD sum rule approach in Ref. [19], where the masses
and pole residues of Zc(3900) and Z(4430) were obtained.
The performed analysis in this work seems to confirm
a suggestion made there. It should be noted that the
decay modes of the resonances Zc(3900) and Z(4430),
which contain an important dynamical information on
the structure of these states, were not considered within
this scheme.
The mass and decay constant (current coupling) are
important spectroscopic parameters of a conventional
hadron or an exotic multi-quark state, which should be
measured and calculated first of all. Therefore, not sur-
prisingly all theoretical models and schemes proposed to
explain the internal structure of tetraquarks and their
properties start from analysis and computation of these
2parameters. Only after obtaining reasonable predictions
for the mass and current coupling a model may claim to
be a correct theory of a tetraquark candidate. But this is
not enough to make robust conclusions on the nature of
observed resonances. Indeed, experimental investigations
include measurements of both the masses and widths of
the observed resonances, and provide additional informa-
tion on their spins and parities.
Almost all models of the resonances Zc(3900) and
Z(4430) correctly predict their masses. In some of theo-
retical papers the decay channels of these states were ad-
dressed, as well. Thus, the decays of the Z±(4430) states
Z±(4430) → J/ψπ±; ψ′π± were investigated within a
phenomenological Lagrangian approach by interpreting it
as a molecular state with the structureD1(2420)D¯
⋆+h.c.
in Ref. [23]. Unfortunately, in this paper Z(4430) was
treated as a state with spin-parity JP = 0−, 1− ex-
cluded by recent measurements. The same decay modes
Z+(4430) → J/ψπ+; ψ′π+ were revisited in a covariant
quark model in Ref. [24].
The different decay modes of the Zc(3900) state in a
diquark-antidiquark model were analyzed in Refs. [27]
and [30]. The Z+c (3900) → J/ψπ+; ηcρ; D+D¯⋆0 decays’
widths were computed in Ref. [27] using the three-point
sum rule method, whereas in Ref. [30] widths of the
Z+c (3900) → J/ψπ+; ηcρ decays were found by means
of the light cone sum rule (LCSR) approach and a tech-
nique of the soft-meson approximation. In both of these
works Zc(3900) was considered as a state with the spin-
parities JPC = 1+−.
The decays of the Z±c (3900) resonances were a subject
of studies in the framework of alternative methods [24,
33, 35], as well. Thus, the decay channels Zc(3900) →
J/ψπ; ψ′π;hc(1P )π were calculated in a phenomenolog-
ical Lagrangian approach by modeling Zc(3900) as a
hadronic molecule D¯D⋆ with JP = 1+ [33]. The ra-
diative and leptonic decays Z+c (3900) → J/ψπ+γ and
J/ψπ+l+l−, l = (e, µ) in the context of the same method
were considered in Ref. [35]. The widths of the decay
modes Z+c (3900) → J/ψπ+; ηcρ+; D¯0D⋆+; D¯⋆0D+ were
extracted in Ref. [24] in a covariant quark model. Let us
note also the work [39], where the Zc(3900)→ hcπ decay
was analyzed in the light front model.
In the present study we are going to calculate the
masses and current couplings of the Zc(3900) and
Z(4430) resonances, and investigate some of their decay
modes. We assume that these resonances are the ground
and first radially excited states of the tetraquark with
JP = 1+, i.e. we consider them as the axial-vector mem-
bers of the 1S and 2S tetraquark multiplets. We will
evaluate the mass and current coupling of the excited
Z(4430) state and width of the process Z(4430) → ψ′π,
which is the main decay channel of Z(4430) to exam-
ine correctness of the suggestion made on its nature.
Other decay modes of the Z(4430) resonance, namely
Z(4430)→ J/ψπ; η′cρ; ηcρ will be analyzed, as well. We
will also calculate the Zc(3900) resonance’s parameters
and its decay widths with higher accuracy than it was
done in our previous work [30]. We will include into anal-
ysis also the decay mode Zc(3900)→ ψ′π, which was not
considered in the previous paper.
This work is organized in the following form. In Sec.
II we derive the spectral density ρQCD(s) from the two-
point QCD sum rule by including condensates up to eight
dimensions. This allows us to evaluate the mass and
current coupling of the Zc(3900) and Z(4430) with de-
sired accuracy. The Sec. III is devoted to decays of the
Zc(3900) and Z(4430) states. Here we calculate relevant
spectral densities with dimension-eight accuracy and find
the width of the decays under consideration. Appendix
contains the quark propagators used in this work, as well
as explicit expressions of the spectral densities used in
computation of the strong couplings.
II. MASSES AND CURRENT COUPLINGS OF
THE Zc(3900) AND Z(4430) RESONANCES
In this section we calculate the masses and current
couplings of the resonances Zc(3900) and Z(4430). We
consider the positively charged states with the quark con-
tent c¯cud¯, but due to the exact chiral limit adopted in
the present work, the parameters of the resonances with
opposite charges do not differ from each other.
The masses and current couplings of the resonances
under consideration can be extracted from analysis of
the correlation function
Πµν(p) = i
∫
d4xeip·x〈0|T {JZµ (x)JZ†ν (0)}|0〉, (4)
where the interpolating current with the quantum num-
bers JPC = 1+− is given by the following expression
JZν (x) =
iǫǫ˜√
2
{[
uTa (x)Cγ5cb(x)
] [
dd(x)γνCc
T
e (x)
]
− [uTa (x)Cγνcb(x)] [dd(x)γ5CcTe (x)]} . (5)
Here we have introduced the notations ǫ = ǫabc and ǫ˜ =
ǫdec. In Eq. (5) a, b, c, d, e are color indices and C is the
charge conjugation operator.
We first derive the sum rules for the mass mZc and
current coupling fZc of the ground state tetraquark Zc.
To this end, we use the ”ground-state + continuum” ap-
proximation by including the Z(4430) state into the list
of ”higher resonances” and extract corresponding sum
rules. The mass and current coupling of Zc evaluated
from these expressions are considered as input parame-
ters in the sum rules for the excited Z(4430) tetraquark.
At the next stage of calculations we adopt the ”ground-
state+radially excited state+continuum” scheme, and
perform the required standard manipulations: we derive
the phenomenological side of the sum rules by inserting
into the correlation function full sets of relevant states,
by isolating contributions of the Zc and Z resonances
and carrying out the integration over x. As a result, for
3ΠPhysµν (p) we get
ΠPhysµν (p) =
〈0|JZµ |Zc(p)〉〈Zc(p)|JZ†ν |0〉
m2Zc − p2
+
〈0|JZµ |Z(p)〉〈Z(p)|JZ†ν |0〉
m2Z − p2
+ . . . (6)
where mZc and mZ are the masses of Zc(3900) and
Z(4430) states, respectively. The dots in Eq. (6) denote
contributions arising from higher resonances and contin-
uum states.
In order to finish computations of the sum rules’ phe-
nomenological side we introduce the current couplings
fZc and fZ through the matrix elements
〈0|JZµ |Zc〉 = fZcmZcεµ, 〈0|JZµ |Z〉 = fZmZ ε˜µ, (7)
with εµ and ε˜µ being the polarization vectors of the Zc
and Z states, respectively. Then the function ΠPhysµν (p)
can be written as
ΠPhysµν (p) =
m2Zcf
2
Zc
m2Zc − p2
(
−gµν + pµpν
m2Zc
)
+
m2Zf
2
Z
m2Z − p2
(
−gµν + pµpν
m2Z
)
+ . . . (8)
The Borel transformation applied to Eq. (8) yields
Bp2ΠPhysµν (p) = m2Zcf2Zce−m
2
Zc
/M2
(
−gµν + pµpν
m2Zc
)
+m2Zf
2
Ze
−m2
Z
/M2
(
−gµν + pµpν
m2Z
)
+ . . . , (9)
where M2 is the Borel parameter.
The QCD side of the sum rules ΠQCDµν (q) can be de-
termined using the interpolating current JZν and quark
propagators, explicit expressions of which can be found
in Appendix. Thus, after contracting the heavy and light
quark fields in Eq. (4) we get
ΠQCDµν (p) = −
i
2
∫
d4xeipxǫǫ˜ǫ′ǫ˜′
{
Tr
[
γ5S˜
aa′
u (x)
× γ5Sbb
′
c (x)
]
Tr
[
γµS˜
e′e
c (−x)γνSd
′d
d (−x)
]
−Tr
[
γµS˜
e′e
c (−x)γ5Sd
′d
d (−x)
]
Tr
[
γν S˜
aa′
u (x)γ5S
bb′
c (x)
]
−Tr
[
γ5S˜
a′a
u (x)γµS
b′b
c (x)
]
Tr
[
γ5S˜
e′e
c (−x)γνSd
′d
d (−x)
]
+Tr
[
γν S˜
aa′
u (x)γµS
bb′
c (x)
]
Tr
[
γ5S˜
e′e
c (−x)γ5Sd
′d
d (−x)
]}
,
(10)
where
S˜ijc(q)(x) = CS
ijT
c(q)(x)C.
The function ΠQCDµν (p) has the following decomposition
over the Lorentz structures
ΠQCDµν (p) = Π
QCD(p2)(−gµν) + Π˜QCD(p2)pµpν . (11)
The required QCD sum rules for the parameters of
Z(4430) can be obtained after equating the same struc-
tures in both ΠPhysµν (p) and Π
QCD
µν (p). For our purposes
the convenient structures are terms ∼ (−gµν), which we
employ in further calculations.
The invariant amplitude corresponding to the struc-
ture −gµν in ΠPhysµν (p) has the simple form. The similar
function ΠQCD(p2) can be represented as the dispersion
integral
ΠQCD(p2) =
∫ ∞
4m2
c
ρQCD(s)
s− p2 ds, (12)
where ρQCD(s) is the two-point spectral density. Meth-
ods to derive ρQCD(s) as the imaginary part of the cor-
relation function are well known, therefore we skip here
details of standard calculations, and also refrain from
providing its explicit expression.
We apply the Borel transformation on the variable
p2 to both the phenomenological and QCD sides of the
equality and subtract the contributions of the higher res-
onances and continuum states by invoking the assump-
tion on the quark-hadron duality. After simple manipu-
lations we derive the sum rules for the mass and current
coupling of the excited Z(4430) state:
m2Z =
∫ s∗
0
4m2
c
ρQCD(s)se−s/M
2
ds− f2Zcm4Zce−m
2
Zc
/M2∫ s∗
0
4m2
c
ρQCD(s)e−s/M2ds− f2Zcm2Zce−m
2
Zc
/M2
,
(13)
and
f2Z =
1
m2Z
[∫ s∗
0
4m2
c
ρQCD(s)e(m
2
Z
−s)/M2ds
−f2Zcm2Zce(m
2
Z
−m2
Zc
)/M2
]
, (14)
where s∗0 is the continuum threshold parameter, which
separates the contributions of the ”Zc +Z” states from
the contributions due to ”higher resonances and contin-
uum”. As we have emphasized above the mass and cur-
rent coupling of Zc enter into Eqs. (13) and (14) as the
input parameters. The mass of the Zc state can be found
from the sum rule
m2Zc =
∫ s0
4m2
c
dsρQCD(s)se−s/M
2∫ s0
4m2
c
dsρQCD(s)e−s/M2
, (15)
whereas to extract the numerical value of the decay con-
stant fZc we employ the formula
f2Zc =
1
m2Zc
∫ s0
4m2
c
dsρQCD(s)e(m
2
Zc
−s)/M2 . (16)
In Eqs. (15) and (16) s0 is the continuum thresh-
old, which divides the contributions of the ground-state
Zc(3900) and higher resonances and continuum. It is ev-
ident, that sum rules depend on the same spectral den-
sity ρQCD(s), and the continuum threshold has to obey
s0 < s
⋆
0.
4The expressions obtained in the present work contain
the vacuum expectations values of the different opera-
tors, which are input parameters in the numerical cal-
culations. These vacuum condensates are well known:
for the quark and mixed condensates we use 〈q¯q〉 =
−(0.24 ± 0.01)3 GeV3 and 〈qgsσGq〉 = m20〈q¯q〉, where
m20 = (0.8 ± 0.1) GeV2, whereas for the gluon conden-
sates we utilize 〈αsG2/π〉 = (0.012 ± 0.004) GeV4 and
〈g3sG3〉 = (0.57± 0.29) GeV6.
The sum rules depend also on the auxiliary parameters
M2 and s0(s
⋆
0), which have to meet requirements of the
sum rule computations. In other words, the bounds of
working region for the Borel parameter are fixed by the
convergence of the operator product expansion and dom-
inance of the pole contribution to the whole expression.
Additionally, regions within of which the parameters M2
and s0 can be varied should provide stability domains
of extracted quantities on the parameters M2 and s0.
Performed analysis allows us to fix regions of the param-
eters M2 and s0, where the aforementioned conditions
are satisfied. Numerical results of our calculations are
collected in Table I, where we write down not only the
mass and current couplings of the resonances Z(4430)
and Zc(3900), but also regions of the parameters used
in their evaluation. It is seen that mZc is in excellent
agreement with the experimental data. It also almost
coincide with our previous result for mZc obtained in
Ref. [30]. Prediction for mZ is smaller than the corre-
sponding LHCb result, but within errors of calculations
it is compatible with measurements.
In Figs. 1 and 2 we demonstrate the dependence ofmZ
and fZ on M
2 at fixed s0, and as functions of s0 for cho-
sen values ofM2. As is seen, the mass of the Z(4430) res-
onance is rather stable against variations both ofM2 and
s0, whereas a sensitivity of fZ to changes of the auxiliary
parameters is higher. The explanation here is quite sim-
ple: indeed, the sum rules for the mass of the resonances
are given as ratios of integrals over the spectral densities
ρ(s) and sρ(s), which considerably reduce effects due to
variations of M2 and s0. Contrary, the current couplings
depend on mentioned integrals themselves, and therefore
undergone relatively sizable changes. Thus, theoretical
errors for fZc and fZ stemming from uncertainties ofM
2
and s0, and other input parameters equal to ∼ 19% and
∼ 28% of the central values, respectively. Nevertheless,
they remain within allowed ranges for theoretical errors
inherent to sum rule computations which may amount
up to 30% of predictions.
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FIG. 1: The mass of the state Z(4430) as a function of the Borel parameter M2 at fixed s0 (left panel), and as a function of
the continuum threshold s0 at fixed M
2 (right panel).
III. DECAYS OF THE RESONANCES Zc(3900)
AND Z(4430)
The masses of Zc(3900) and Z(4430) extracted in the
previous section can be used to fix kinematically al-
lowed decay modes of these resonances. Moreover, their
masses and current couplings enter as input parameters
to expressions of the strong couplings describing vertices
ZcMhMl and ZMhMl, and appear also in formulas for
decay widths.
The resonances Zc(3900) and Z(4430) may decay
through different channels. In this work we restrict our-
selves by analysis of their decays to J/ψπ, ψ′π, and ηcρ,
η′cρ mesons: from Table II, where we provide masses and
decay constants of the relevant mesons, it is easy to re-
alize that these decays are among kinematically allowed
channels.
In this work we treat the Z(4430) tetraquark as the
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FIG. 2: The dependence of the current coupling fZ of the Z(4430) resonance on the Borel parameter at chosen values of s0
(left panel), and on s0 at fixed M
2 (right panel).
Resonance Zc(3900) Z(4430)
M2 (GeV2) 3− 6 3− 6
s0(s
⋆
0) (GeV
2) 4.22 − 4.42 4.82 − 5.22
mZ (MeV) 3901
+125
−148 4452
+182
−228
fZ · 10
2 (GeV4) 0.42+0.07
−0.09 1.48
+0.31
−0.42
TABLE I: The masses and current couplings of the Zc(3900)
and Z(4430) resonances evaluated in this work.
first radial excitation of Zc(3900). Additionally, ψ
′
and η′c are the first radial excitations of the mesons
J/ψ and ηc, respectively. Therefore, we have to
consider decays Zc(3900), Z(4430) → J/ψπ; ψ′π and
Zc(3900), Z(4430) → ηcρ; η′cρ in the context of QCD
sum rule approach in a correlated form. Reasons be-
hind of such analysis are clear. In fact, in QCD sum
rule method particles are modeled by relevant interpolat-
ing currents which may couple not only to their ground-
states, but also to excited particles.
A. Zc(3900), Z(4430) → J/ψpi; ψ
′pi decays
In order to find width of the decays Zc(3900) →
J/ψπ, ψ′π and Z(4430)→ J/ψπ; ψ′π we start from the
correlation function
Πµν(p, q) = i
∫
d4xeipx〈π(q)|T {Jψµ (x)JZ†ν (0)}|0〉, (17)
where
Jψµ (x) = ci(x)γµci(x), (18)
and ψ denotes one of the J/ψ and ψ′ mesons. The
interpolating current JZν (x) for the tetraquarks is de-
fined by Eq. (5). As we have just emphasized above
Parameters Values (in MeV)
mJ/ψ 3096.900 ± 0.006
fJ/ψ 411± 7
mψ′ 3686.097 ± 0.025
fψ′ 279± 8
mηc 2983.4 ± 0.5
fηc 404
mη′
c
3686.2 ± 1.2
fη′
c
331
mπ 139.57018 ± 0.00035
fπ 131.5
mρ 775.26 ± 0.25
fρ 216± 3
mc 1270 ± 30
TABLE II: Input parameters.
the interpolating currents JZν (x) and J
ψ
µ (x) couple to
Zc(3900), Z(4430) and J/ψ, ψ
′, respectively. Therefore,
the correlation function ΠPhysµν (p, q) necessary for our pur-
poses in terms of the mesons’ physical parameters con-
tains four terms
ΠPhysµν (p, q) =
∑
ψ=J/ψ,ψ′
[
〈0|Jψµ |ψ (p)〉
p2 −m2ψ
〈ψ (p)π(q)|Zc(p′)〉
×〈Zc(p
′)|JZ†ν |0〉
p′2 −m2Zc
+
〈0|Jψµ |ψ (p)〉
p2 −m2ψ
〈ψ (p)π(q)|Z(p′)〉
×〈Z(p
′)|JZ†ν |0〉
p′2 −m2Z
]
+ . . . , (19)
where the dots stand for contribution of the higher reso-
nances and continuum states and p′ = p+ q.
To calculate the correlation function we introduce the
6matrix elements
〈0|Jψµ |ψ (p)〉 = fψmψεµ, 〈Zc(p′)|JZ†ν |0〉 = fZcmZcε′∗ν ,
〈Z(p′)|JZ†ν |0〉 = fZmZ ε˜′∗ν , (20)
where fψ, mψ, εµ are the decay constant, mass and po-
larization vector of J/ψ or ψ′ meson, whereas ε˜′ν and ε
′
ν
are the polarization vectors of Z and Zc states, respec-
tively
We need also the vertices
〈ψ (p)π(q)|Zc(p′)〉 = gZcψπ [(p · p′)(ε∗ · ε′)
−(p · ε′)(p′ · ε∗)] ,
〈ψ (p)π(q)|Z(p′)〉 = gZψπ [(p · p′)(ε∗ · ε˜′)
−(p · ε˜′)(p′ · ε∗)] , (21)
with gZcψπ and gZψπ being the strong couplings, which
should be determined from sum rules. By using Eqs. (20)
and (21) and after some manipulations we get
ΠPhysµν (p, q) =
∑
ψ=J/ψ,ψ′
 fψfZcmZcmψgZcψπ(
p′2 −m2Zc
) (
p2 −m2ψ
)
×
(
m2Zc +m
2
ψ
2
gµν − p′µpν
)
+
fψfZmZmψgZψπ
(p′2 −m2Z)
(
p2 −m2ψ
)
×
(
m2Z +m
2
ψ
2
gµν − p′µpν
)]
+ . . . . (22)
For further calculations we choose the structure ∼ gµν .
The sum of terms ∼ gµν from Eq. (22) constitute the
invariant function which will be used in the following
analysis.
The second component of the sum rule is the expression
of the same correlation function given by Eq. (17), but
computed using quark propagators. For ΠQCDµν (p, q) we
find
ΠQCDµν (p, q) =
∫
d4xeipx
ǫǫ˜√
2
[
γ5S˜
ib
c (x)γµ
×S˜eic (−x)γν + γν S˜ibc (x)γµS˜eic (−x)γ5
]
αβ
×〈π(q)|uaα(0)ddβ(0)|0〉, (23)
where α and β are the spinor indices. We continue by
employing the expansion
uaαd
d
β →
1
4
Γjβα
(
uaΓjdd
)
, (24)
where Γj is the full set of Dirac matrices
Γj = 1, γ5, γλ, iγ5γλ, σλρ/
√
2,
As is seen, ΠQCDµν (p, q) instead of the distribution ampli-
tudes of the pion depends on its local matrix elements.
This is distinctive feature of QCD sum rules on the light-
cone when one of the particles is a tetraquark. As a re-
sult, to conserve the four-momentum in the tetraquark-
meson-meson vertex one has to set q = 0 [30, 42]. This
restriction should be implemented in the physical side of
the sum rule, as well. In the standard LCSR, q = 0 is
known as the soft-meson approximation [43]. At vertices
composed of conventional mesons q 6= 0, and only in the
soft-meson approximation one equals q to zero, whereas
the tetraquark-meson-meson vertex can be considered in
the framework of the LCSR method only if q = 0. For our
purposes a decisive fact is the observation made in Ref.
[43]: both the soft-meson approximation and full LCSR
treatment of the ordinary mesons’ vertices for the strong
couplings lead to results which numerically are very close
to each other.
After substituting Eq. (24) into the expression of the
correlation function and performing the summation over
color indices in accordance with prescriptions presented
in a detailed form in Ref. [30], we determine a local ma-
trix element of the pion that contribute to ΠQCDµν (p, q),
and find the corresponding spectral density ρQCD(s) as
its imaginary part. It turns out that only the local matrix
element of the pion
〈0|d(0)iγ5u(0)|π(q)〉 = fπµπ (25)
contribute to ρQCD(s), where µπ = m
2
π/(mu +md).
To calculate ρQCD(s) we choose in ΠQCDµν (p, q) again
the structure ∼ gµν , and get
ρQCD(s) =
fπµπ
12
√
2
[
ρpert.(s) + ρn.−pert.(s)
]
, (26)
where ρpert.(s) and ρn.−pert.(s) are the perturbative and
nonperturbative components of the spectral density. The
perturbative part of ρQCD(s) has a rather simple form
and was calculated in Ref. [30]:
ρpert.(s) =
(s+ 2m2c)
√
s(s− 4m2c)
π2s
. (27)
The ρn.−pert.(s) contains nonperturbative contributions
∼ 〈αsG2/π〉, ∼ 〈g3sG3〉 and ∼ 〈αsG2/π〉2 which are terms
of four, six and eight dimensions, respectively. Stated dif-
ferently, ρn.−pert.(s) encompasses nonperturbative contri-
butions up to eight dimensions: its explicit expression is
moved to Appendix.
Having found ρQCD(s) which constitutes the QCD side
of the desiring sum rule, and clarified the necessity of the
limit q → 0, we turn back to finish calculation of its
phenomenological side. In the limit q → 0 we get p′ = p
and invariant function corresponding to the structure gµν
in Eq. (19) depends only on the variable p2 and has the
form
ΠPhys(p2) =
fJ/ψfZcmZcmJ/ψm
2
1
(p2 −m21)2
gZcJ/ψπ
+
fψ′fZcmZcmψ′m
2
2
(p2 −m22)2
gZcψ′π +
fJ/ψfZmZmJ/ψm
2
3
(p2 −m23)2
gZJ/ψπ
+
fψ′fZmZmψ′m
2
4
(p2 −m24)2
gZψ′π + . . . , (28)
7wherem21 = (m
2
Zc
+m2J/ψ)/2,m
2
2 = (m
2
Zc
+m2ψ′)/2,m
2
3 =
(m2Z +m
2
J/ψ)/2, and m
2
4 = (m
2
Z +m
2
ψ′)/2.
In the limit q → 0 the phenomenological side of the
sum rules apart from the strong coupling of the ground-
state particles gZcJ/ψπ contains also other terms which
are not suppressed relative to the main term even after
the Borel transformation [43]. In order to eliminate their
effects the operator
P(M2,m2) =
(
1−M2 d
dM2
)
M2em
2/M2 , (29)
should be applied to both sides of sum rules [44]. In our
previous works devoted to investigation of tetraquarks
for calculation of their strong couplings and decay widths
we applied namely this technique (see, for example Refs.
[30, 42]). But these terms arise from vertices composed
of excited states of the initial (final) particles, i.e. in
our case from ZJ/ψπ, and Zcψ
′π vertices. Stated differ-
ently, unsuppressed terms treated as contamination when
studying vertices of ground-state particles now are sub-
ject of investigation. Because ΠPhys(p2) is a sum of four
terms, and even at the first phase of calculation, which
will be explained below, contains at least two of them,
we are not going to apply the operator P to these expres-
sions.
To proceed we follow the recipe used in the previous
section, i.e. we choose the parameter s0 below thresh-
old of the Z → J/ψπ and Z → ψ′π decays. Then in
the explored range of s ∈ (0, s0) in Eq. (28) only first
two terms have to be taken into account explicitly: last
two terms are, naturally, included into a ”higher reso-
nances and continuum”. Applying the one-variable Borel
transformation to the survived terms, equating the phys-
ical and QCD sides of the sum rule, and performing the
continuum subtraction in accordance with hadron-quark
duality we derive the following expression
fZcmZc
[
fJ/ψmJ/ψm
2
1gZcJ/ψπe
−m2
1
/M2 + fψ′mψ′m
2
2
×gZcψ′πe−m
2
2
/M2
]
= M2
∫ s0
4m2
c
dse−s/M
2
ρQCD(s).(30)
But only this equality is not enough to extract two cou-
plings gZcψ′π and gZcJ/ψπ. The second expression is de-
rived by applying the operator d/d(−1/M2) to both sides
of Eq. (30). The obtained expression in conjunction with
Eq. (30) allows us to derive sum rules for these two cou-
plings. They will be used to calculate width of the decays
Zc → ψ′π and Zc → J/ψπ, and will enter as input pa-
rameters to the next sum rules.
The next two sum rules are obtained by fixing
√
s⋆0 =
mZ + (0.3 − 0.7) GeV. The choice for s⋆0 is motivated
by observation that a mass splitting in the tetraquark
multiplet may be ∼ (0.3 − 0.7) GeV. For s ∈ (0, s⋆0) the
processes Z → J/ψπ and Z → ψ′π have to be taken into
account. In other words, in this phase of analysis all of
four terms in Eq. (28) should be considered explicitly:
while two of them are known, we have to extract remain-
ing couplings gZψ′π and gZJ/ψπ. To this end, we repeat
operations described above and derive last two sum rules
for the required couplings.
The width of the decay Z → ψπ, where Z = Z(4430)
or Zc(3900), and ψ = J/ψ; ψ
′ can be evaluated by means
of the formula
Γ (Z → ψπ) = g
2
Zψπm
2
ψ
24π
λ (mZ , mψ,mπ)
×
[
3 +
2λ2 (mZ , mψ ,mπ)
m2ψ
]
, (31)
where
λ(a, b, c) =
√
a4 + b4 + c4 − 2 (a2b2 + a2c2 + b2c2)
2a
.
As is seen, besides the strong coupling gZψπ the decay
width depends also on the parameters of the tetraquark
and final mesons. The mass and current coupling of
Z(4430) and Zc(3900) resonances are calculated in the
present work. The mass of the J/ψ, ψ′, π, as well as ηc,
η′c and ρ mesons which will be used in the next subsec-
tion can be found in Ref. [45]. For the decay constants
fJ/ψ and fψ′ we use the same source, whereas fηc and
fη′
c
are borrowed from Ref. [46]: All these information
are collected in Table II.
In numerical computations we have used the same
ranges for the Borel parameter and s0 as in mass and
current coupling analysis. Another question to be ad-
dressed here is contribution of the ”excited” terms to
the sum rules. It is known, that the ground-state con-
tributes dominantly to the spectral density. But besides
the strong coupling of the ground-state particles, we ex-
tract also couplings of the vertices, where one or two of
particles are radially excited states. Their contributions
to the sum rules should be sizeable to lead reliable pre-
dictions for evaluating quantities. To check this point we
calculate the pole contribution to the sum rules defined
as
PC =
∫ s0
0 dsρ
QCD(s)e−s/M
2∫∞
0 dsρ
QCD(s)e−s/M2
. (32)
Choosing s0 = 4.2
2 GeV2 and fixing M2 = 4.5 GeV2 we
get PC = 0.81, which is formed due to terms ∼ gZcJ/ψπ
and ∼ gZcψ′π. At the next stage, we fix s0 ≡ s⋆0 and find
PC = 0.95, which now contain contribution coming from
four terms. This means that the excited terms ∼ gZJ/ψπ
and ∼ gZψ′π constitute approximately 14% part of the
sum rules. From this analysis, one can see, first of all,
that the working window for the Borel parameter is found
correctly, because PC > 1/2 is one of the constraints in
fixing of M2. Secondly, effects of the terms related di-
rectly to Z decays are numerically small, nevertheless
couplings gZJ/ψπ and gZψ′π are computed using expres-
sions, which contain contributions all of terms, and hence
evaluating of the strong couplings are based on reliable
8sum rules. Finally, an effect of the ”higher excited states
and continuum” does not exceed 5% of PC, which a pos-
teriori confirms our suggestion tacitly made in writing
the sum rule (30), which implies that a contamination of
the physical side by excited states higher than Z(4430)
resonance is negligible.
The couplings g depend on M2 and s0 remaining nev-
ertheless within limits which are typical for such kind
of calculations. This variation of the couplings together
with uncertainties coming from other parameters gen-
erates final theoretical errors of numerical analysis. To
visualize these effects we plot in Fig. 3 , as an example,
the dependence of the coupling gZψ′π on the parameters
M2 and s0.
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FIG. 3: The coupling gZψ′π as a function of the Borel parameterM
2 at fixed s0 (left panel), and as a function of the continuum
threshold s0 at fixed M
2 (right panel).
For the strong coupling gZψ′π and width of the corre-
sponding decay Z → ψ′π process numerical computa-
tions predict:
gZψ′π = (0.58± 0.17) GeV−1,
Γ(Z → ψ′π) = (129.7± 38.4) MeV. (33)
The coupling gZJ/ψπ and width of the decay Z → J/ψπ
are found as
gZJ/ψπ = (0.24± 0.07) GeV−1,
Γ(Z → J/ψπ) = (27.4± 7.3) MeV. (34)
Our results for all of four strong couplings, as well as the
decay width of corresponding processes are collected in
Table III.
B. Zc(3900), Z(4430) → η
′
cρ; ηcρ decays
The Zc(3900) and Z(4430) may decay also to final
states ηcρ and η
′
cρ. Here we have three decay modes
Z → η′cρ, Z → ηcρ and Zc → ηcρ: the process Zc → η′cρ
is forbidden kinematically. An analysis of three decay
channels in some points differs from similar studies ful-
filled in the previous subsection.
Channels Z → ψ′pi Z → J/ψpi Zc → ψ
′pi Zc → J/ψpi
g (GeV−1) 0.58 ± 0.17 0.24 ± 0.07 0.29 ± 0.08 0.38 ± 0.11
Γ (MeV) 129.7 ± 38.4 27.4± 7.3 7.1± 1.9 39.9± 9.3
TABLE III: The strong coupling g and width Γ of the
Z(Zc)→ ψ
′(J/ψ)pi decay channels.
As usual, we consider the correlation function
Πν(p, q) = i
∫
d4xeipx〈ρ(q)|T {Jηc(x)JZ†ν (0)}|0〉, (35)
where ηc ≡ ηc, η′c, and the current Jηc(x) is defined as
Jηc(x) = ci(x)iγ5ci(x).
In order to find the hadronic representation of the corre-
lation function we define the matrix elements
〈0|Jηc |ηc(p)〉 =
fηcm
2
ηc
2mc
, (36)
with mηc and fηc being the ηc (η
′
c) mesons’ mass and
decay constant. The relevant vertices are introduced in
the following form
〈ηc (p) ρ(q)|Z(p′)〉 = gZηcρ [(q · ε˜′)(p′ · ε∗)
− (q · p′)(ε∗ · ε˜′)] , (37)
9and
〈ηc (p)ρ(q)|Zc(p′)〉 = gZcηcρ [(q · ε′)(p′ · ε∗)
− (q · p′)(ε∗ · ε′)] , (38)
with q and ε being the momentum and polarization vec-
tor of the ρ-meson, respectively.
Then the calculation of the hadronic representation
ΠPhysν (p, q) is straightforward and yields
ΠPhysν (p, q) =
〈0|Jηc |ηc (p)〉
p2 −m2ηc
〈ηc (p) ρ(q)|Zc(p′)〉
×〈Zc(p
′)|JZν |0〉
p′2 −m2Zc
+
∑
ηc=ηc,η′c
〈0|Jηc |ηc (p)〉
p2 −m2ηc
〈ηc (p) ρ(q)|Z(p′)〉
×〈Z(p
′)|JZν |0〉
p′2 −m2Z
+ . . . . (39)
Employing the required matrix elements, for the invari-
ant amplitude corresponding to the structure ∼ ǫ∗ν in the
limit q → 0 we find
ΠPhys(p2) =
fηcfZcmZcm
2
ηcgZcηcρ
4mc (p2 − m˜21)2
(m2Zc −m2ηc)
+
fηcfZmZm
2
ηcgZηcρ
4mc (p2 − m˜22)2
(m2Z −m2ηc)
+
fη′
c
fZmZm
2
η′
c
gZη′
c
ρ
4mc (p2 − m˜23)2
(m2Z −m2η′
c
) + . . . , (40)
where the notations m˜21 = (m
2
Zc
+m2ηc)/2, m˜
2
2 = (m
2
Z +
m2ηc)/2 and m˜
2
3 = (m
2
Z +m
2
η′
c
)/2 are introduced.
Computation of the correlation function ΠQCDν (p, q)
using quark propagators yields
ΠQCDν (p, q) = −i
∫
d4xeipx
ǫǫ˜√
2
[
γ5S˜
ib
c (x)γ5
×S˜eic (−x)γν + γν S˜ibc (x)γ5S˜eic (−x)γ5
]
αβ
×〈ρ(q)|udα(0)daβ(0)|0〉. (41)
In the q → 0 limit only the matrix elements
〈0|u(0)γµd(0)|ρ(p, λ)〉 = ǫ(λ)µ fρmρ, (42)
and
〈0|u(0)gG˜µνγνγ5d(0)|ρ(p, λ)〉 = fρm3ρǫ(λ)µ ζ4ρ, (43)
contribute to the spectral density ρQCD(s) [30]. They
depend on the mass and decay constant of the ρ-meson
mρ, fρ, and on ζ4ρ which normalizes the twist-4 matrix
element of the ρ-meson [47]. The parameter ζ4ρ was eval-
uated in the context of QCD sum rule approach at the
renormalization scale µ = 1 GeV in Ref. [48] and is equal
to ζ4ρ = 0.07± 0.03.
The spectral density ρQCD(s) is derived in accordance
with known recipes and is given as
ρQCD(s) =
fρmρ
8
√
2
[
ρpert.(s) + ρn.−pert.(s)
]
, (44)
where
ρpert.(s) =
√
s(s− 4m2c)
π2
. (45)
The nonperturbative component of ρQCD(s) is calculated
with dimension-8 accuracy: its explicit form can be found
in Appendix.
On order to derive sum rules we use an iterative ap-
proach explained in the previous subsection. At the first
stage our task is simple. Really, for s ∈ (0, s0) there is
only one term in the physical side of the sum rule. At this
step we evaluate only the ground-state coupling gZcηcρ,
therefore can apply the operator P to clean the physical
side of the sum rule form effects of excited states. As a
result, we get
gZcηcρ =
4mc
fηcfZcmZcm
2
ηc(m
2
Zc
−m2ηc)
×P(M2, m˜21)
∫ s0
4m2
c
dse−s/M
2
ρQCD(s).
In the domain s ∈ (0, s∗0) all terms in Eq. (40) become
active, and we obtain the expression containing two re-
maining unknown couplings. Because excited terms en-
ter to this expression explicitly and our aim is to find
corresponding couplings, we do not apply the operator
P . The system of equations can be completed by using
the operator d/d(−1/M2) to both sides of this expres-
sion which leads the second equality. Solutions of the
obtained equations are sum rules for the couplings gZηcρ
and g′Zηcρ. The width of the decays Z → ηcρ, Z → η′cρ
and Zc → ηcρ can be calculated by means of Eq. (31)
with replacements mπ → mηc(mη′c) and mψ → mρ.
For the coupling gZcηcρ and width of the decay Zc →
ηcρ we get
gZcηcρ = (1.28± 0.32) GeV−1,
Γ(Zc → ηcρ) = (20.28± 5.17) MeV. (46)
For the strong couplings gZη′
c
ρ and gZηcρ, and width of
the processes Z → η′cρ and Z → ηcρ we find
gZη′
c
ρ = (0.81± 0.21) GeV−1,
Γ(Z → η′cρ) = (1.01± 0.28) MeV, (47)
and
gZηcρ = (0.48± 0.13) GeV−1,
Γ(Z → ηcρ) = (11.57± 3.04) MeV. (48)
The decays Zc → J/ψπ and Zc → ηcρ were considered
in our previous work [30] using QCD sum rules on light-
cone and diquark-antidiquark interpolating current. In
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Γ(Zc → J/ψpi) Γ(Zc → ψ
′pi) Γ(Zc → ηcρ)
(MeV) (MeV) (MeV)
This work 39.9± 9.3 7.1± 1.9 20.3 ± 5.2
[30] 41.9± 9.4 − 23.8 ± 4.9
[27] 29.1± 8.2 − 27.5 ± 8.5
[24]A 27.9+6.3
−5.0 − 35.7
+6.3
−5.2
[24]B 1.8± 0.3 − 3.2+0.5
−0.4
[33] 10.43 − 23.89 1.28− 2.94 −
TABLE IV: Theoretical results for some of the Zc(3900) res-
onance’s decay modes.
Table IV the partial decay width of these channels ob-
tained in Ref. [30] are compared with predictions of the
present investigation. As is seen, they do not differ con-
siderably from each other: it is remarkable, that iterative
scheme adopted in this work lead to almost identical to
Ref. [30] predictions, which may be considered as serious
consistency-check of the employed approach. The small
discrepancies between two sets of predictions can be at-
tributed to accuracy of the spectral densities, which in
the present work have been found by taking into account
condensates up to eight dimensions, whereas in Ref. [30]
ρQCDπ (s) and ρ
QCD
ρ (s) contained only perturbative terms.
It is worth noting that, in the present work we have eval-
uated the partial width of the Zc → ψ′π mode, which
was not considered in Ref. [30].
Our results for the decays of the Z(4430) resonance
are collected in Table V. As is seen, Z dominantly de-
cays through Z → ψ′π channel. The sum of pre-
dictions for the channels Z → ψ′π and Z → J/ψπ
(157.1 ± 39.1) MeV agrees with LHCb measurements
(see, Eq. (1)) staying below the upper limit of experi-
mental data ∼ 212 MeV. Unfortunately, an experimen-
tal information on the decay width Γ(Z → J/ψπ) is re-
stricted by Belle report on product of branching frac-
tions B(B¯0 → K−Z(4430)+)B(Z(4430)+ → J/ψπ) =
(5.4+4.0−1.0
+1.1
−0.9) · 10−6. It is possible, by invoking a similar
experimental measurements for ψ′ to estimate a ratio
RZ = Γ(Z → ψ′π)/Γ(Z → J/ψπ), (49)
which actually was done in Ref. [24]. But we are not
going to make far-reaching conclusions from similar esti-
mates: From our point of view, in the lack of direct mea-
surements of Γ(Z → J/ψπ), the best what can be done is
calculation of theoretical prediction for RZ , which equals
in our case to RZ = 4.73± 1.88.
IV. SUMMARY AND CONCLUDING NOTES
The decays of Z and Zc resonances were previously in-
vestigated in Ref. [24, 27, 33]: some of their results are
shown in Tables IV and V. In Ref. [27] using the three-
point sum rule method and diquark-antidiquark interpo-
lating current authors calculated partial decay width of
Γ(Z → J/ψpi) Γ(Z → ψ′pi) Γ(Z → ηcρ) Γ(Z → η
′
cρ)
(MeV) (MeV) (MeV) (MeV)
Th. w. 27.4± 7.3 129.7 ± 38.4 11.6± 3.0 1.0± 0.3
[24] 26.9 120.6 − −
TABLE V: The same as in Table IV, but for the Z(4430)
state.
the channels Zc → J/ψπ, Zc → ηcρ, Zc → D¯0D⋆ and
Zc → D¯⋆0D . Results for two first modes can be found
in Table IV.
Within the covariant quark model decays of the
Zc(3900) state were analyzed in Ref. [24], where it was
considered both as a diqaurk-antidiquak and molecule-
type tetraquarks. Thus, by treating Zc as a four-quark
system with diquark-antidiquark composition and us-
ing a size parameter ΛZc = 2.25 ± 0.10 GeV in their
model (model A) authors evaluated width of the de-
cays Zc → J/ψπ, Zc → ηcρ (see, Table IV). Assum-
ing a molecular-type structure for Zc(3900) and choos-
ing ΛZc = 3.3 ± 0.1 GeV (model B) the same decay
widths were calculated in Ref. [24]: obtained predictions
are shown in Table IV, too.
The decays of Zc(3900) state in the framework of a
phenomenological Lagrangian approach were considered
in Ref. [33]. The Zc state there was treated as a hadronic
molecule composed of D¯D⋆ and D¯⋆D. For a binding en-
ergy of the hadronic molecule ǫ = 20 MeV authors found
the width of different decay channels, some of which are
demonstrated in Table IV.
Decays of the Z(4430) resonance to J/ψπ and ψ′π in
the context of the diquark-antidiquark model were stud-
ied in Ref. [24]. Predictions for the partial width of these
decays (see, Table V) obtained at ΛZ(4430) = 2.4 GeV,
as well as estimates for Γ(Z → J/ψπ) + Γ(Z → ψ′π) =
147.5 MeV and for the ratio RZ = 4.48 are close to our
results.
We have tested a suggestion on Z(4430) resonance
as first radially excited state of the diquark-antidiquark
state Zc(3900). For the masses and total widths of
the Zc(3900) and Z(4430) resonances we have found:
mZc = 3901
+125
−148 MeV, ΓZc = (67.3 ± 10.8) MeV, and
mZ = 4452
+182
−228 MeV, ΓZ = (169.7 ± 39.2) MeV. Re-
sults of the present work seem support assumption on
excited nature of the Z(4430) resonance. But there are
problems to be addressed before drawing strong conclu-
sions. Namely, theoretical investigations of other decay
channels of Zc(3900) and Z(4430) states has to be car-
ried out in order to obtain more accurate predictions for
their total widths. Experimental studies of the Z(4430)
resonance’s decay channels, especially a direct measure-
ment of Γ(Z → J/ψπ) may help in clarifying its nature
as a radial excitation of Zc(3900) state.
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Appendix: The quark propagators and spectral
densities
The light and heavy quark propagators are necessary
to find QCD side of the correlation functions in both
mass, current and strong couplings’ calculations. In the
present work we employ the q- quark propagator Sabq (x),
which is given by the following formula
Sabq (x) = iδab
/x
2π2x4
− δab mq
4π2x2
− δab 〈qq〉
12
+iδab
/xmq〈qq〉
48
− δab x
2
192
〈qgsσGq〉 + iδabx
2/xmq
1152
×〈qgsσGq〉 − i gsG
αβ
ab
32π2x2
[/xσαβ + σαβ/x]
−iδabx
2/xg2s〈qq〉2
7776
− δab x
4〈qq〉〈g2sG2〉
27648
+ . . . (A.1)
For the c-quark propagator Sabc (x) we use the well-known
expression
Sabc (x) = i
∫
d4k
(2π)4
e−ikx
{
δab (/k +mc)
k2 −m2c
−gsG
αβ
ab
4
σαβ (/k +mc) + (/k +mc)σαβ
(k2 −m2c)2
+
g2sG
2
12
δabmc
k2 +mc/k
(k2 −m2c)4
+
g3sG
3
48
δab
(/k +mc)
(k2 −m2c)6
× [/k (k2 − 3m2c)+ 2mc (2k2 −m2c)] (/k +mc) + . . .
}
.
(A.2)
In Eqs. (A.1) and (A.2) we adopt the notations
Gαβab = G
αβ
A t
A
ab, G
2 = GAαβG
A
αβ ,
G3 = fABCGAµνG
B
νδG
C
δµ, (A.3)
with a, b = 1, 2, 3 being the color indices, and A,B,C =
1, 2 . . . 8 . In Eq. (A.3) tA = λA/2, λA are the
Gell-Mann matrices, and the gluon field strength tensor
GAαβ ≡ GAαβ(0) is fixed at x = 0.
The nonperturbative part of the spectral density Eq.
(26) is determined by the formula
ρn.−pert.(s) =
〈αsG2
π
〉
m2c
∫ 1
0
f1(z, s)dz
+
〈
g3sG
3
〉∫ 1
0
f2(z, s)dz
+
〈αsG2
π
〉2
m2c
∫ 1
0
f3(z, s)dz. (A.4)
In Eq. (A.4) the functions f1(z, s), f2(z, s) and f3(z, s)
have the explicit forms:
f1(z, s) =
1
6r2
{− (1 + 3r) δ′(s− Φ)
+s(1 + 2r)δ(2)(s− Φ)
}
, (A.5)
f2(z, s) =
1
15 · 27π2r5
{
2r2
[−9m2c (1 + 5r(1 + r))
+2sr(3 + r(19 + 27r))] δ(2)(s− Φ) + r [s2r3(8 + 27r)
m4c(1 + 5r(1 + r)) + 6m
2
csr(3 + r(11 + 3r))
]
δ(3)(s− Φ)
+
[
s3r5 + 6m2cs
2r3(1 + 2r) + 2m6c(1 + 5r(1 + r))
−m4csr(7 + r(31 + 23r))
]
δ(4)(s− Φ)
}
, (A.6)
and
f3(z, s) =
π2
108r2
[
6rδ(3)(s− Φ)− (m2c − 2s− 6sr)
×δ(4)(s− Φ)− s(m2c − rs)δ(5)(s− Φ)
]
, (A.7)
where we use the notations
r = z(z − 1), Φ = m
2
c
z(1− z) . (A.8)
In the expressions above the Dirac delta function δ(n)(s−
Φ) is defined as
δ(n)(s− Φ) = d
n
dsn
δ(s− Φ). (A.9)
The nonperturbative component of ρQCD(s) defined by
Eq. (44) is given by the formulas:
ρn.−pert.(s) =
ζ4ρm
2
ρ
s
+
〈αsG2
π
〉
m2c
∫ 1
0
f˜1(z, s)dz
+
〈
g3sG
3
〉∫ 1
0
f˜2(z, s)dz
+
〈αsG2
π
〉2
m2c
∫ 1
0
f˜3(z, s)dz, (A.10)
where
f˜1(z, s) = −s(1 + 2r)
9
δ(2)(s− Φ), (A.11)
f˜2(z, s) =
1
45 · 26π2r5
{
12sr3 [1 + r(7 + 11r)]
×δ(2)(s− Φ) + 2r [2s2r3(2 + 7r)− 3m4c (1
+5r(1 + r)) + 9m2csr (1 + 2r(2 + z))
]
δ(3)(s− Φ)
+
[
s3r5 + 6m2cs
2r3(1 + 2r) + 2m6c (1 + 5r(1 + r))
−m4csr (7 + r(31 + 23r))
]
δ(4)(s− Φ)
}
, (A.12)
and
f˜3(z, s) =
1
34 · 2
{
−6rδ(3)(s− Φ) + 2 [m2c − s(1 + 3r)]
×δ(4)(s− Φ) + s(m2c − sr)δ(5)(s− Φ)
}
. (A.13)
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